Hyperspaces of Peano and ANR continua  by Yagasaki, Tatsuhiko
Topology and its Applications 113 (2001) 309–320
Hyperspaces of Peano and ANR continua
Tatsuhiko Yagasaki
Department of Mathematics, Kyoto Institute of Technology, Matsugasaki, Sakyoku, Kyoto 606, Japan
Received 22 January 1999; received in revised form 4 June 1999
Abstract
Suppose X is a locally connected continuum without free arcs. It is known that the hyperspace
C(X) is homeomorphic to the Hilbert cube Q. Let Lc(X) and ANRc(X) denote the subspaces of
C(X) consisting of locally connected continua and ANR continua in X. In this article we show that
if X has DD1P then the pair (C(X),Lc(X)) is homeomorphic to (Q,Q0) and if, in addition, every
nonempty open subset of X contains a 3-disk then the pair (C(X),ANRc(X)) is homeomorphic to
(Q,Ω3).  2001 Elsevier Science B.V. All rights reserved.
AMS classification: 54B20; 54C15
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1. Introduction
For a metric space X, let 2X and C(X) denote the spaces of nonempty subcompacta and
subcontinua of X with the Hausdorff metric. For any topological class E , we can consider
the subspaces E(X) = {K ∈ 2X |K ∈ E} and Ec(X) = E(X) ∩ C(X). In the literature,
several authors studied basic properties of E(X) and Ec(X) mainly in the cases where
X is the Euclidean n-space or the Hilbert cube ([2,7,12–15], etc.) and recently T. Banakh
and R. Cauty [3,5] have developed a technique to extend previous results to the case of
locally path connected spaces. The purpose of this paper is to describe conclusions of
their technique for the hyperspaces of locally connected continua and ANR continua. In
[14] it is shown that for n  3 the pairs (2Rn,ANR(Rn)) and (C(Rn),ANRc(Rn)) are
homeomorphic to the pair (Q,Ω3) \ {1pt}, where Q is the Hilbert cube [0,1]∞ and Ω3 is
a Gδσδ-absorber in Q. The corresponding result for the hyperspaces of locally connected
continua, Lc(X), was obtained in [15]. These results extend to the case of locally path
connected spaces. Let Q0 = {x ∈Q | limn→∞ xn = 0}.
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Theorem 1.1. Suppose X is a connected, locally connected, locally compact, separable
metric space.
(1) If X has DD1P, then (C(X),Lc(X))∼= (Q,Q0) if X is compact and (C(X),Lc(X))∼= (Q,Q0) \ 1pt if X is noncompact.
(2) Suppose every nonempty open subset of X contains a 3-disk.
(i) (2X,ANR(X))∼= (Q,Ω3) if X is compact and (2X,ANR(X))∼= (Q,Ω3)\1pt
if X is noncompact.
(ii) In addition, if X has DD1P, then (C(X),ANRc(X)) ∼= (Q,Ω3) if X is compact
and (C(X),ANRc(X)) ∼= (Q,Ω3) \ 1pt if X is noncompact.
In Section 2 we will recall the uniqueness result on absorbers and some fundamental
facts on hyperspaces. In Section 3 we will study basic properties of hyperspaces of finite
graphs in locally path connected spaces. In Section 4 we will discuss the strong universality
of hyperspaces according to the framework of Professor R. Cauty and T. Banakh [5,6]
together with some results on the hyperspaces of finite graphs in Section 3. The final
Section 5 contains the proof of Theorem 1.1.
Throughout the paper all spaces are separable and metrizable, and maps are continuous.
A pair of spaces means a pair of a space and its subspace. When (X,d) is a metric space,
N(A,ε) denotes the ε-neighborhood of a subset A of X and dH denotes the Hausdorff
metric on 2X induced from the metric d . An ε-arc in X is an arc (or a point) in X of
diam < ε. Let I = [0,1]. We say that a metric space X has the disjoint 1-disk property
(DD1P) if for any maps f,g : I → X and any ε > 0 there exist maps f ′, g′ : I → X
such that f ′(I) ∩ g′(I) = ∅ and d(f (x), f ′(x)), d(g(x), g′(x)) < ε (x ∈ I ). If X is
completely metrizable, locally path connected and has DD1P, then any map from a 1-
dimensional compactum to X can be uniformly approximated by embeddings. When P is
a polyhedron with a triangulation T , let P (k) denote the k-skeleton of P with respect to
T , Vert(T ) and Edge(T ) denote the sets of vertices and edges of T , respectively, and let
St(A,T )=⋃{σ ∈ T | σ ∩A = ∅} for A⊂ P .
2. Preliminaries
2.1. Absorbers
First we recall some fundamental facts in the infinite-dimensional topology (cf. [2,4,
12]). A closed subset A of X is said to be a Z-set if for any map ε :X→ (0,∞) there is
a map f :X→X \A with d(f (x), x) < ε(x) (x ∈X). A σ -Z-set is a countable union of
Z-sets. A Z-embedding is an embedding with a Z-set image. We say that a subset Y of X
is locally homotopy negligible if for any open subset U of X the inclusion U \ Y ⊂ U
is a weak homotopy equivalence [20]. When X is an ANR, Y is locally homotopy
negligible in X iff for any map f :P → X from a locally compact polyhedron and any
map ε :P → (0,∞) there exists a map g :P → X \ Y such that d(f (x), g(x)) < ε(x)
(x ∈ P). If Y is a closed set, then we can take P to be compact.
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Let M0 denote the class of compacta, and for a topological class C let (M0,C) denote
the class of pairs (Z,C) such that Z ∈M0 and C ∈ C .
Definition 2.1. We say that a pair (X,Y ) is strongly (M0,C)-universal provided for any
(Z,C) ∈ (M0,C), any map f :Z→X, any closed subset K of Z such that f |K :K→X
is a Z-embedding and any ε > 0 there is a Z-embedding g :Z→X such that g|K = f |K ,
g−1(Y ) \K = C \K and d(g(z), f (z)) < ε (z ∈Z).
Definition 2.2. We say that a subset Y is a C-absorber in X if
(1) Y ∈ C ,
(2) Y is contained in a σ -Z-set of X, and
(3) (X,Y ) is strongly (M0,C)-universal.
Fact 2.1 ([2, Theorem 8.2], [4]). If X and Y are C-absorbers in a Q-manifold M , then
(M,X)∼= (M,Y ) (i.e., there is a homeomorphism h :M→M with h(X)= Y ).
Example 2.1. In this paper we are concerned with the following classes:
(i) Cσ -fd: the class of σ -fd-compacta (a countable union of finite-dimensional
compacta),
(ii) Fσδ : the class of absolute Fσδ spaces,
(iii) Gδσδ : the class of absolute Gδσδ spaces.
It is known that
(i) σ = {x ∈Q |xn = 0 except for finitely many n} is a Cσ -fd-absorber in Q [8],
(ii) Q0 = {x ∈Q | limn→∞ xn = 0} is a Fσδ-absorber in Q [12], and
(iii) any Gδσδ-absorber in Q is denoted by Ω3.
If C is open hereditary and Y is a C-absorber in Q, then Y \ {q} is a C-absorber in Q\ {q}
for any q ∈Q.
2.2. Hyperspaces
Next we recall basic properties of hyperspaces. It is known that if X is locally path
connected, then 2X and C(X) are ANRs.
Fact 2.2. Suppose X is a nondegenerate connected, locally connected, locally compact
space (without free arcs). Then (i) 2X ∼=Q (respectively C(X)∼=Q) if X is compact [10]
and (ii) 2X ∼=Q \ {1pt} (respectively C(X)∼=Q \ {1pt}) if X is noncompact [9].
As for classes of hyperspaces, we are concerned with the following topological classes:
(i) F : finite sets,
(ii) FG: finite graphs,
(iii) L: locally connected compacta,
(iv) ANR: ANRs,
(v) Dimn(n) : compacta of dim n ( n).
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We identify X with the subspace {{x} |x ∈X} ⊂ C(X), and for x ∈X let C(X,x)= {K ∈
C(X) |x ∈K}.
3. Hyperspaces of finite graphs
Suppose X is a locally path connected space. As shown in [11], F(X) can be regarded
as the smallest subspace of 2X. In this section we study basic properties of hyperspaces of
finite graphs and show that some subspaces of FGc(X) play a similar role in C(X). First
we note the following facts on graphs:
Lemma 3.1.
(1) If G is a finite graph, then any finite union of finite graphs in G is also a finite graph
in G, C(G)=FGc(G) and dimC(G) <∞.
(2) SupposeG is a finite graph in a metric space Y and A is an arc in Y . Then for every
ε > 0 there exists an arc B in Y such that B is an arc connecting the end points of
A, B ⊂N(A,ε), and G∪B is a graph in Y .
Proof. (2) Since G is locally path connected and compact, there is a δ, 0 < δ < ε, such that
any two δ-close points x, y ∈G are connected by an ε-arc in G. Subdivide A to subarcs
I1, . . . , In of diameter < δ. If Ii ∩G = ∅, then let αi be the minimal subarc (or a point) of
Ii with Ii ∩G⊂ αi . Since diamαi < δ, we can connect the end points of αi by an ε-arc (or
a point) βi in G. If Ii ∩G= ∅, we set αi = βi = ∅. For the moment, let B = (A \⋃i αi)∪
(
⋃
i βi). It follows that A \
⋃
i αi is a finite disjoint union of open intervals and at most
two half open intervals of A. Let γk (k = 1, . . . ,m) be the closures of these intervals. Then
each γk is a subarc in A, B = (⋃ni=1 βi) ∪ (⋃mk=1 γk), (Intγk) ∩G= ∅, (Intγk) ∩ γ/ = ∅
(k = /) and G∪B =G∪ (⋃mk=1 γk). ThereforeG∪B is a graph in Y and B is a connected
subgraph of G ∪ B as a finite union of arcs in G ∪ B . Finally we replace B by an arc in
B connecting the end points of A. The conditions (a) and (b) follow from the construction
of B . ✷
Lemma 3.2. Suppose P is a locally compact polyhedron with a triangulation T , and
Gv,Ge ∈ FGc(X) (v ∈ Vert(T ), e ∈ Edge(T )) and Gv ⊂ Ge (v ∈ e). For each τ ∈ T
let Gτ = (⋃v∈Vert(τ ) Gv) ∪ (⋃e∈Edge(τ ) Ge). Then there exists a map g :P → C(X) such
that for each x ∈ τ ∈ T we have Gv ⊂ g(x)⊂Gτ for some v ∈ Vert(τ ).
Proof. For each pair (e, v) (v ∈ e) there exists a path Gve [t] (0 t  1) in FGc(Ge) such
that Gve [0] =Gv , Gve [1] =Ge and Gve [s] ⊂Gve [t] (s  t). Define a map g1 :P (1) → C(X)
by
g1(x)=
{
Gv x = v ∈ Vert(T ),
Gve [t] x =
(
1− 12 t
)
v + 12 tw ∈ e= 〈v,w〉, 0 t  1.
There exists a map r :P → C(P (1)) such that r(x) ∈ C(τ (1)) (x ∈ τ ∈ T ) and r(x)= {x}
(x ∈ P (1)). The required map g :P →C(X) is defined by g(x)=⋃y∈r(x) g1(y).
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Below we assume that X is connected, locally path connected, = 1pt . The space X has
a metric d such that any points x, y ∈X with d(x, y) < ε can be connected by an ε-arc in
X [5, Section 2].
Lemma 3.3.
(1) For any countable dense subset E of X there exists a sequence Gn ∈ FGc(X)
(n  1) such that Gn ⊂ Gn+1, E ⊂ ⋃n Gn and any points x, y ∈ ⋃n Gn with
d(x, y) < ε can be connected by an ε-arc α ∈⋃n C(Gn). When X is a connected
locally compact polyhedron, we can take Gn to be a subgraph of X.
(2) Suppose Gn (n  1) is a sequence as in (1) and let G = G({Gn},E) ≡ {C ∈⋃∞
n=1(C(Gn) \Gn) | C ∩E = ∅}.
(i) Suppose Y is a locally compact separable metric space and f :Y →C(X) is a
map. Then for any map ε :Y → (0,∞) there exists a map g :Y → G such that
d(f (y), g(y)) < ε(y) (y ∈ Y ) and ⋃g(C) ∈ G (equivalently g(C) ⊂ C(Gn)
for some n 1) for any C ∈C(Y ).
(ii) (a) G, ⋃∞n=1 C(Gn) ∈ Cσ -f d , and (b) G has the homotopy negligible comple-
ment in C(X).
(iii) (a) If Y ⊂ X and Y does not contain any nonempty open subset of X, then
C(Y ) is locally homotopy negligible in C(X). (b) If X is completely metrizable
and has no free arcs, then C(⋃n Gn) is locally homotopy negligible in C(X),
and hence
⋃
n C(Gn) and G are σ -Z-sets of C(X).
Proof. (1) This easily follows from the property of the metric d and Lemma 3.1.
(2i) Since C(X) is an ANR, by taking a closed embedding of Y into a locally compact
ANR and extending f , we may assume that Y itself is a locally compact ANR. Using a
polyhedral factorization of idY by proper maps, we may further assume that Y is a locally
compact polyhedron P . Therefore, it suffices to show that if T is a triangulation of P and
ετ > 0 (τ ∈ T ) satisfy the conditions diamdH f (τ ) < ετ and εσ  ετ (σ ⊂ τ ), then there
exists a map g :P → G such that dH (f (x), g(x)) < 3ετ (x ∈ τ ∈ T ) and for any C ∈C(P)
the image g(C)⊂ C(Gn) for some n 1.
Note that (i) if C1, . . . ,Cn ∈ G and ⋃i Ci is connected, then ⋃i Ci ∈ G and (ii) G is
dense in C(X) by the properties of Gn’s. We can find two families: Av ∈ G (v ∈ Vert(T ))
and an εe-arc αe ∈ G (e ∈ Edge(T )) such that dH (f (v),Av) < εv and αe meets both Av
and Aw for e= 〈v,w〉.
For every τ ∈ T let Gτ = (⋃v∈Vert(τ ) Av)∪ (⋃e∈Edge(τ ) αe). It follows that Gτ ∈ G and
dH(f (x),Av) < 2ετ , dH (f (x),Gτ ) < 3ετ (x ∈ τ ∈ T , v ∈ Vert(τ )). Let g :P → C(X)
be the map given by Lemma 3.2. Then for x ∈ τ ∈ T we have Av ⊂ g(x) ⊂ Gτ for
some v ∈ Vert(τ ) and g(τ) ⊂ C(Gτ ). These imply that the map g satisfies the required
conditions.
(ii) The statement (b) follows from (i).
(iiia) Since X \Y is dense in X, we can choose a countable dense subset E′ ⊂X \Y . By
(1) there exists a sequence G′n (n 1) as in (1) for E′. Then C(Y ) and G′ = G′({G′n},E′)
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are disjoint, and G′ has the homotopy negligible complement by (ii). This implies the
conclusion. ✷
4. Strong universality of hyperspaces
Professor R. Cauty and T. Banakh obtained some general results on the strong
universality of hyperspaces [3,5,6]. Consider a 1-dimensional AR F = ⋃∞k=0 Jn ⊂ I 2,
where J0 = [0,1] × {0} and Jk = {1/k} × [0,1/k] (k  1).
Fact 4.1. Suppose X is locally path connected and contains no free arcs, and suppose
C , E are topological classes. If the following conditions are satisfied, then (2X,E(X)) is
strongly (M0,C)-universal:
(1) F ⊂ E and F ∈ E ,
(2) if K1, K2 are disjoint compacta, then K1 ∪K2 ∈ E iff K1,K2 ∈ E ,
(3) there exists a compactum Y such that
(i) any nonempty open subset of X contains a copy of Y ,
(ii) for any pair (Z,C) ∈ (M0,C) there exists a map ϕ :Z→ 2Y with ϕ−1(E(Y ))=
C.
They also obtained some versions in the C(X)-case. In the proof of Fact 4.1 (cf. [5,
Section 5]) for each small copy of Y in X, a homotopy ϕt :Z → 2X, such that ϕ0 = ϕ,
ϕt(Z) ⊂ F(X) (0 < t  1) and ϕ1 is a constant map onto a singleton, is automatically
obtained by using the local contractibility of 2X and absorbing ϕt (0 < t  1) into F(X).
However, in C(X)-case, this procedure is not sufficient to separate the class C (i.e., to
ensure the condition (∗)(ii) in Lemma 4.1 below). We need to specify the homotopy ϕt and
to control the intersection of ϕ0(z) and ϕt (z) (t > 0). In this paper we use the following
version:
Theorem 4.1. SupposeX is completely metrizable, connected, locally path connected and
contains no free arcs. If a subspace H of C(X) satisfies the following conditions, then
(C(X),H) is strongly (M0,C)-universal:
(1) FGc(X)⊂H and H contains any copy of F in X.
(2) If K1,K2 ∈ C(X) and K1 ∩K2 = 1pt , then K1 ∪K2 ∈H iff K1,K2 ∈H.
(3) There exists a family of pointed subcontinuaK in X such that
(i) if U is an open subset of X and G is a finite graph in X with U ∩G = ∅, then
U includes a (Y, y) ∈K such that Y ∩G= {y},
(ii) for each (Y, y) ∈ K and any (Z,C) ∈ (M0,C) there exists a homotopy
ϕt :Z→ C(Y,y) such that
(a) ϕ1(z)= {y},
(b) ⋃i ϕti (z) ∈H (z ∈ C, t1, . . . , tm ∈ I) and ϕ0(z)∪ (⋃i ϕti (z)) /∈H (z /∈ C,
t1, . . . , tm ∈ I),
(iii) (a) each (Y, y) ∈ K is nowhere dense in X, or (b) dimϕ0(z)  2 (z ∈ Z) for
any (Y, y) ∈K and (Z,C) ∈ (M0,C).
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Remark 4.1. The next condition implies (3iib): ϕs(z) ⊃ ϕt(z) (z ∈ Z,0  s  t  1),
ϕt(z) ∈H (z ∈C, t ∈ I) and ϕ0(z) /∈H (z /∈ C).
In the Cσ -fd-case, we have the following simple version:
Proposition 4.1. Suppose X is completely metrizable, connected, locally path connected
and contains no free arcs. Let Gn (n 1) and G be as in Lemma 3.3(1). If H satisfies the
following conditions, then (C(X),H) is strongly (M0,Cσ -fd)-universal:
(1) G ⊂H,
(2) if K1 ∈H, K2 ∈⋃n C(Gn) and K1 ∩K2 = 1pt , then K1 ∪K2 ∈H,
(3) each K ∈H is not of the form: K =K1 ∪K2, K1 ∩K2 = {∗} (1pt) and (K1,∗)∼=
(F,0).
For example, suppose P is a connected locally compact polyhedron without free arcs
and Pkc (P ) denotes the hyperspace of compact connected subpolyhedra of P with dim k
(1 k ∞). If we take each Gn to be a subgraph of P , then Proposition 4.1 implies that
(C(P ),Pkc (P )) is strongly (M0,Cσ -fd)-universal. Since Pkc (P ) ∈ Cσ -fd , it follows that
Pkc (P ) is a Cσ -fd-absorber in C(P) [19]. From Lemma 3.3(2) it also follows that G and⋃
n C(Gn) are Cσ -fd-absorbers in C(X).
Fact 4.1 and Theorem 4.1 have natural extensions to the n-tuple case [5, Section 5]. For
example, Theorem 4.1 and Proposition 4.1 can be incorporated to a single statement for
the triple (M0,C,Cσ -fd), and we can treat the triple (C(P ),Lc(P ),Pc(P )), etc. We will
study these tuple cases systematically in a succeeding work.
We proceed to the verification of Theorem 4.1. Our argument is a modification of [5,
Section 5].
Lemma 4.1 ([5, Section 5], [14]). Suppose X is locally path connected and H ⊂ C(X).
If (C(X),H) satisfies the following condition (∗), then (C(X),H) is strongly (M0,C)-
universal:
(∗) Suppose (Z,C) ∈ (M0,C), P is a locally compact polyhedron, U is an open subset
of C(X) and f ′ :P → U is a closed proper map. Then for any map ε :P → (0,∞)
there is a map g¯ :P ×Z→ U such that
(i) dH (f ′(x), g¯(x, z)) < ε(x) ((x, z) ∈ P ×Z),
(ii) g¯−1(H)= P ×C,
(iii) if g¯(x1, z1)= g¯(x2, z2) then z1 = z2, and
(iv) g¯(P ×Z) is locally homotopy negligible in C(X).
Proof of Theorem 4.1. We show that (C(X),H) satisfies the condition (∗) in Lemma 4.1.
Let d , Gn (n 1) and G be as in Lemma 3.3(1), and let (Z,C) ∈ (M0,C), f :P → U, ε
be as in Lemma 4.1(∗).
(1) Since f is a closed proper map, we can find compact subpolyhedra Pi (i  1)
of P such that P = ⋃∞i=1 Pi , Pi ⊂ IntPPi+1 and f (Pi) ∩ f (P \ IntPi+1) = ∅. Set
P0 = ∅. By Lemma 3.3(2)(i) we may assume that f :P → U ∩ G and f (Pi)⊂ C(Gn(i)),
n(i) n(i + 1) (i  1).
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Choose a fine triangulation T of P and ετ > 0 (τ ∈ T ) such that each Pi is a subcomplex
of T , diamdH f (τ ) < ετ (τ ∈ T ) and εσ  ετ (σ ⊂ τ ).
Since f (v) = 1pt (v ∈ Vert(T )), we can find a family of open subsets of X, Uv , Wv
(v ∈ Vert(T )) such that (a) diamUv,diam Wv < εv , (b) f (v) meets both Uv and Wv , and
(c) the subfamily Uv , Wv (v ∈ Pi+1 \ IntPi−1) is mutually disjoint for each i  1.
(2) For each vertex v ∈ Pi \ Pi−1 (i  1), since f (v) is a subgraph of Gn(i+3) and
X has no free arcs, we can find a copy (Fv, xv) of (F,0) in Uv such that Fv ∩ f (v) =
Fv ∩ Gn(i+3) = {xv}. Regarding Z ⊂ Q, we have a homotopy ψvt :Z → C(Fv, xv) such
that (a) ψvs (z)⊃ψvt (z) (s  t), ψv1 (z)= {xv}, and (b) if ψv0 (z1)= ψvt (z2) then z1 = z2.
By condition (3i), for each v ∈ Vert(Pi \ Pi−1) (i  1), the open set Wv contains a
(Yv, yv) ∈ K such that Yv ∩ f (v) = Yv ∩Gn(i+2) = {yv}. Let ϕvt :Z → C(Yv, yv) be the
homotopy given by condition (3ii). Let Φvt (z)= ϕvt (z)∪ψvt (z).
(3) For each τ ∈ T , let ε′τ = max{εσ |σ ∈ St(τ, T )} and Gτ =
⋃
f (St(τ (1), T (1))) ∈ G.
For each pair (e, v) (e = 〈v,w〉) there exists a path ev[t] (t ∈ I ) in C(St (e, T (1)))
such that ev[0] = St (v, T (1)), ev[1] = St (e, T (1)), ev[s] ⊂ ev[t] (s  t). Define a map
g¯1 :P (1)×Z→C(X) by
(a) g¯1(v, z)=Gv ∪Φv0 (z) for v ∈Vert(T )
(b) g¯1(x, z)=
{
(
⋃
f (ev[t]))∪Φv0 (z), 0 t  1,
Φv0 (z)∪Ge ∪Φw1−t (z), 1 t  2,
for x ∈ e= 〈v,w〉, x = (1− 14 t)v + 14 tw (0 t  2).
By [11] there exists a map r :P → F(P (1)) such that r(x) ∈ F(τ (1)) (x ∈ τ ∈ T )
and r(x) = {x} (x ∈ P (1)). We extend g¯1 to the map g¯ :P × Z → C(X) by g¯(x, z) =⋃
y∈r(x) g¯1(y, z).
(4) The map g¯ satisfies the following conditions:
(P1) if x ∈ τ ∈ T , then g¯(x, z)= F˜ ∪ (⋃v∈V (Kv ∪Lv)), where
(a) V ⊂ Vert(τ ), F˜ ∈ G and F˜ ∈C(Gτ ) (⊂C(Gn(i+1)) if τ ⊂ Pi ),
(b) for each v ∈ V (b)1 Kv = ψvsv (z) ∈ C(Fv, xv) for some sv ∈ [0,1], Kv ∩ F˜ ={xv}, (b)2 Lv = ⋃mvj=1 ϕvtvj (z) ∈ C(Yv, yv) (v ∈ V , 0  tv1  · · ·  tvmv  1),
(b)3f (v)⊂ F˜ ,
(c) sw = tw1 = 0 for some w ∈ V ,
(d) {Uv,Wv}v∈V are mutually disjoint.
(P2) dH (g¯(x, z), f (x)) < 2ε′τ (x ∈ τ ∈ T ).
(P3) if T is sufficiently fine and ετ ’s are small enough, then
(a) dH(g¯(x, z), f (x)) < ε(x) (x ∈ P ),
(b) g¯(P ×Z)⊂ U ,
(c) g¯(Pi ×Z)∩ g¯((P \ IntPi+1)×Z)= ∅,
(P4) if g¯(x1, z1)= g¯(x2, z2) then z1 = z2. In fact, if g¯(x1, z1)= g¯(x2, z2), then x1, x2 ∈
Pi+1 \ Pi−1 for some i  1. Since Uv , Wv (v ∈ Pi+1 \ Int Pi−1) are mutually
disjoint, comparing Kw-terms, it follows that ψw0 (z1)= ψwsw(z2) for some w and
that z1 = z2 by the choice of ψwt .
T. Yagasaki / Topology and its Applications 113 (2001) 309–320 317
(5) It remains to show that (i) g¯−1(H)= P ×C and (ii) g¯(P ×Z) is locally homotopy
negligible in C(X).
(5i) By the choice of Yv we have F˜ ∩Lv = {yv} (v ∈ V ). If z ∈ C, then by conditions (1)
and (3iib), Kv,Lv ∈H and F˜ ∈ FGc(X) ⊂H, hence by condition (2) we have g¯(x, z) ∈
H, If z /∈ C, then for some w ∈ V we have Lw = ϕw0 (z) ∪ (
⋃mv
j=2 ϕwtwj (z)) /∈ H by
condition (3iib). Hence g¯(x, z) = Lw ∪yw (F˜ ∪ (
⋃
v∈V Kv) ∪ (
⋃
v∈V,v =wLv)) /∈ H by
condition (2).
(5ii) In the case (3iiia): Since g¯(x, z) ⊂ (⋃n Gn) ∪ (⋃v(Yv ∪ Fv)) and the latter
subset does not contain any nonempty open subset of X, the conclusion follows from
Lemma 3.3(2iii).
In the case (3iiib): Since dim g¯(x, z) 2, it follows that g¯(P ×Z)⊂ C(X) \ G and the
conclusion follows from Lemma 3.3(2ii). This completes the proof. ✷
Proof of Proposition 4.1. The proof is a simple modification of the proof of Theorem 4.1.
We modify the following points:
(2i) Consider the finite subgraphs Fn =⋃nk=0 Jk ∈ C(F,0) (n  1) (recall that J0 =
[0,1] × {0} and Jk = {1/k} × [0,1/k] (k  1)). By Lemma 3.3(i) we can take each copy
Fv so that (Fv)k ∈ G (k  1).
(ii) Since σ is a Cσ -fd-absorber in Q, for each (Z,C) ∈ (M0,Cσ -fd) there is an
embedding h : (Z,C) → (Q,σ) such that h−1(σ ) = C. Hence we can construct a
homotopy ψvt : Z → C(Fv, xv) such that (a) ψvs (z) ⊃ ψvt (z) (s  t) and ψv1 (z) = {xv},
(b) (ψv0 )−1(FGc(Fv)) = C, ψvt (z) ∈ FGc(Fv) (z ∈ C, t ∈ I ) and (c) if ψv0 (z1) = ψvt (z2)
then z1 = z2.
(2)–(4) Omit the statements related to Wv , Yv , ϕvt , Lv , and let Φvt =ψvt .
(5i) If z ∈ C, then F˜ ∈ G ⊂H and Kv = ψvsv (z) ∈ FGc(Fv)⊂
⋃
n C(Gn) by the choice
of Fv and ψvt , and hence g¯(x, z) ∈H by condition (2). If z /∈ C, then Kw = ψw0 (z) for
some w ∈ V and Kw is a copy of F , hence g¯(x, z) /∈H by condition (3).
(5ii) Any copy of F in X is nowhere dense in X, since X has no free arcs.
5. Proof of Theorem 1.1
Throughout this section, we assume that X is a connected, locally connected, locally
compact, separable metric space without free arcs.
5.1. Lc(X)-case
By Facts 2.1 and 2.2 it suffices to show that Lc(X) is a Fσδ-absorber in C(X). By [15,
16], Lc(X) ∈Fσδ .
Lemma 5.1. If X has DD1P, then Lc(X) is contained in a σ -Z-set in C(X) (cf. [15]).
Proof. Let Gn (n 1) and G be as in Lemma 3.3(1). For each η > 0 and n 1, let
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Ln(η)=
{
K ∈ C(X) | diamK  2η and K is covered by
n subcontinua of diam η
}
.
We have (a) L(X) ⊂ X ∪ (⋃∞m,n=1 Ln(1/m)), (b) X ⊂ C(X) \ G is a Z-set of C(X) and
(c) Ln(η) is closed in C(X). Since C(X) is an ANR, to see that Ln(η) is a Z-set it suffices
to show that for any compact connected polyhedron P , any map f :P → C(X) and any
ε > 0 there exists a map g :P → C(X) \Ln(η) such that dH (f (x), g(x)) < ε (x ∈ P ). By
Lemma 3.3(2) we may assume that f :P →C(Gn)⊂ C(X) for some n.
Choose δ with 0 < δ < 12ε,
1
5η and a triangulation T of P with diamdH f (τ ) < δ
(τ ∈ T ). For each v ∈ Vert(T ) let A0v = f (v) and choose a pair of points xv, yv ∈ A0v
with d(xv, yv)= diamA0v . Let (Aiv, xiv, yiv) (i = 1, . . . , n) be n copies of (A0v, xv, yv) and
consider the connected finite graph L obtained from the disjoint union of L0 ≡⋃f (P ) ∈
C(Gn) and Aiv’s by identifying each point xiv with xv . Let p :L→ X be any map such
that p = id on L0 and p|Aiv : (Aiv, xiv, yiv) ∼= (A0v, xv, yv). Since X has DD1P, we can
approximate the map p by an embedding h. Let h# :C(L) → C(X), h#(K) = h(K),
and replacing f by h#f , we may assume that L ⊂ X, dH (Aiv,A0v) < δ, dH (yiv, yv) < δ
(v ∈ Vert(T ), i = 1, . . . , n) and still diamdH f (τ ) < δ (τ ∈ T ).
Let Av = ⋃ni=0Aiv ∈ C(L) and Gτ = ⋃{Av,⋃f (e) | v ∈ Vert(τ ), e ∈ Edge(τ )} ∈
C(L). By Lemma 3.2 we have a map g :P → C(L) such that if x ∈ τ ∈ T , then Av ⊂
g(x)⊂ Gτ for some v ∈ Vert(T ). It follows that dH (f (x), g(x)) < 2δ and g(x)⊂ Gτ ⊂
N(A0v,2δ). Hence, if diamg(x) 2η, then diamA0v > 2η−4δ and d(xv, yiv) > d(xv, yv)−
δ > η. g(x) \ {xv} is the union of n+ 1 disjoint open subsets Aiv \ {xv} (i = 1, . . . , n) and
g(x) \⋃ni=1 Aiv . Since yiv ∈ Aiv \ {xv} and d(xv, yiv) > η. it follows that g(x) can not be
covered by n subcontinua of diam η. Therefore g(P )⊂ C(X) \Ln(η). ✷
Consider the continuum B =⋃∞k=0Ak ⊂ I 2, where A0 = ([0,1]× {0})∪ ({0}× [0,1]),
Ak = {1/k} × [0,1] (k  1). We can construct a homotopy ϕt :Q→ C(B,0) such that
(a) ϕs(q)⊃ ϕt(q) (s  t) and ϕ1(q)= {0}, (b) ϕ−10 (Lc(B))=Q0, ϕt(q) ∈Lc(B) (q ∈Q0,
t ∈ I ). The subspace Q0 is a Fσδ-absorber in Q. If X has DD1P, then nonempty open
subset of X contains a copy of B . Therefore, the next lemma follows from Theorem 4.1
and this completes the proof of Theorem 1.1(1).
Lemma 5.2. If every nonempty open subset ofX contains a copy ofB , then (C(X),Lc(X))
is strongly (M0,Fσδ)-universal.
5.2. ANR(X)-case
We have to show that ANR(X) is a Gδσδ-absorber in 2X. It follows that (i) ANR(X) ∈
Gδσδ [14] and (ii) ANR(X) is contained in a σ -Z-set in 2X since (a) ANR(X) ⊂ F(X) ∪
Dim1(X) and (b) both F(X) and Dim1(X) are σ -Z-sets in 2X [11].
In [14] it is shown that any Gδσδ-subset C of Q admits a map ϕ :Q→ C(I 3,0) such
that ϕ−1(ANRc(I 3))= C and dimϕ(q)= 2 (q ∈Q). Therefore, Fact 4.1 implies the next
lemma and this completes the proof of Theorem 1.1(2i).
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Lemma 5.3. If every nonempty open subset of X contains a 3-disk, then both (2X,
ANR(X)) is strongly (M0,Gδσδ)-universal.
5.3. ANRc(X)-case
We have to show that ANRc(X) is a Gδσδ-absorber in C(X). By [14], ANRc(X) ∈ Gδσδ .
Since ANRc(X)⊂ Lc(X), from Lemma 5.1 it follows that
Lemma 5.4. If X has DD1P, then ANRc(X) is contained in a σ -Z-set in C(X).
Recall the map ϕ :Q→C(I 3,0) in Section 5.2. Consider the contraction
ht : I
3 → I 3,
ht (x, y, z)=
{
ht (x, y, z)= (x, y, (1− 2t)z) (0 t  12 ),
ht (x, y, z)= ((2− 2t)x, (2− 2t)y,0) ( 12  t  1).
This induces a homotopy ϕt :Q→ C(I 3,0), ϕt(q) = ht (ϕ(q)). From the definition of ϕ
in [14], it follows that (i) ϕs(q)⊃ ϕt(q) for s  t , ϕ1(q)= {0} and (ii) ϕt(q) ∈ ANRc(I 3)
(q ∈ C, t ∈ I). Therefore, the next lemma follows from Theorem 4.1. We can take K to be
the copies of “an 3-disk with a tail” in X. This completes the proof of Theorem 1.1(2ii).
Lemma 5.5. If every nonempty open subset ofX contains a 3-disk, then (C(X),ANRc(X))
is strongly (M0,Gδσδ)-universal.
5.4. Concluding remarks
In 2X- and C(X)-cases we only need to use the multivalued retractions P → F(P (1))
or P → C(P (1)). However, when we try to study the spaces of highly connected continua
(Cn(X), AR(X), UV n(X), CE(X), etc.), we need to use a multivalued retraction P →
UV n(P (n)) and assume that X is LCn or X has DDn+1P, etc. This point should be clarified
in succeeding works (cf. [1,18]).
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